Abstract-Using the Vlȃduţ-Xing method, we refine a construction of Xu to improve the parameters of algebraic-geometry codes based on Hermitian curves. The parameters of these Hermitian codes are arbitrarily close to the Singleton bound, provided that the length of the code is sufficiently large. We also exhibit a class of Hermitian codes over any finite field q (q > 2) with good parameters.
I. INTRODUCTION
A ROUND 1981, Goppa [3] discovered a beautiful construction of linear codes based on curves over finite fields. These codes are now called Goppa geometric codes or algebraic-geometry (AG) codes. One of the exciting results from Goppa's construction is that the well-known Gilbert-Varshamov bound for -ary codes can be improved in certain open interval. For instance, if is a square, then the Tsfasman-Vlȃduţ-Zink bound [11] beats the Gilbert-Varshamov bound in an open interval.
For a linear code over an alphabet , denote by , and the length, the dimension, and the minimum distance of , respectively. We call the ratio the information rate and the relative distance of the code. It is a theoretically important task in coding theory to construct a sequence of codes with length going to infinity together with asymptotically positive information rate and relative distance. In Goppa's construction, parameters of algebraic-geometry codes from algebraic curves are estimated by the well-known Riemann-Roch theorem. This estimate holds for all divisors and all curves, but is not optimal for some specific divisors, especially when the genus of the underlying curve is large. For about twenty years after Goppa's construction, the refinement mainly concerned exhibiting suitable curves with "many" rational points (with respect to genus) and algorithmic improvement to the resulting codes. By choosing certain specific divisors, Vlȃduţ [12] and Xing [13] the Riemann-Roch theorem. They obtained better bounds around the points where the Tsfasman-Vlȃduţ-Zink bound and Gilbert-Varshamov bound agree. Exploiting higher order derivatives of rational functions on algebraic curves, Xing [14] constructed a family of nonlinear codes whose parameters ameliorated the Tsfasman-Vlȃduţ-Zink bound, in general.
Elkies [1] , [2] estimated the size of the set of rational sections of bounded degree of the line bundle associated to a degree zero divisor on a modular curve, and his construction led to an improved asymptotic bound. Shortly thereafter, Stichtenoth and Xing [9] , and Niederreiter and Özbudak [4] - [6] each improved Xing bound by constructing a better lower bound for the standard function in the asymptotic theory of codes. We will pursue this approach in a subsequent paper.
Applying the Vlȃduţ-Xing method to maximal curves, Xing and Chen [15] , and Xu [16] made the results more concrete owing to the explicit zeta-function formula of maximal curves.
In this paper, we refine a construction of Xu [16] so that the parameters of algebraic-geometry codes from Hermitian curves can be arbitrarily close to the Singleton bound, provided that the length of the code is sufficiently large. Our code information rate is very close to one for sufficiently large (Remark 3.4). Compared with the known constructions on Hermitian codes, our improvement exceeds the previous results (Remarks 3.6 and 3.7). Our approach is different from that in [16] as the technique of the partial zeta function is not involved here.
The paper is organized as follows. In Section II basic construction of the AG codes from the Hermitian curves and their parameters are discussed. The main result, a family of Hermitian codes with code parameters approaching the Singleton bound, is proved in Section III. At the end of the section, we exhibit another class of Hermitian codes with relative distance almost one any finite field for . It is shown that we can improve the parameters almost comparing to the Goppa's lower bound.
II. PARAMETERS OF CODES FROM HERMITIAN CURVES
First of all, we recall Goppa's construction of algebraic-geometry (AG) codes. The reader is referred to [8] for more details.
Let be an algebraic curve over , which means a smooth, projective, absolutely irreducible algebraic curve defined over . We denote by the function field of . where stands for the number of -rational points of . It is clear that must be a square if there is a maximal curve of positive genus over .
The Hermitian curve over is defined by the (affine) equation Its genus is . There are affine -rational points and one infinite -rational point on this curve. Thus, it is a maximal curve. Yang and Kumar [17] determined the true minimum distance of one-point Hermitian codes as follows. For any integer , the one-point code , where , is a -linear code over with , for some . This improved the Goppa's lower bound on the mimimum distance of the AG codes by . Recently, Xing and Chen [15] , and Xu [16] improved the bound up to in a certain range. Before introducing our asymptotic results on Hermitian codes, we give the following condition of existence for an algebraic-geometry code of the prescribed parameters.
Proposition 2.1:
Suppose is a Hermitian curve over of genus with at least rational points and for some positive integers and there holds (1) Then there exists -linear code over with and .
To prove this proposition, recall the following two results. Compared to the Goppa's lower bound , our improvement for sufficiently large is In particular, by letting approach , our improvement is arbitrarily close to for sufficiently large.
Remark 3.4:
For large , the information rate of the code is about , which is very close to one.
Remark 3.5:
If we let the summation in the definition of to be taken up to , then the resulting code has the same length and minimum distance, and the dimension either remains the same or is reduced by one.
Remark 3.6:
In the paper [15] by Xing and Chen, the parameters of algebraic-geometry codes from the Hermitian curves were estimated. Compared to the Goppa's lower bound, their improvement is for in a certain range. Hence the improvement is at most .
Remark 3.7:
In the paper [16] Xu improved the minimum distance of the codes from the maximal curves by Therefore our improvement of exceeds the previous results.
Finally we give a construction of Hermitian codes over any finite field , similar to that in [16, Th. 4.5] . Our construction requires additional restrictions on the parameters and , but no longer requires to be sufficiently large, at the cost that the parameters of the codes are a bit weaker than those in [16] . Compared to the lower bound of the Goppa geometric codes, the improvement is If we let approach , then we achieve a Hermitian code over any with , which improves the Goppa's lower bound by almost . Different from the code constructed in Theorem 3.2, this code has relative distance almost one while the information rate is almost zero.
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